Rules for integrands of the form (c + d x) " Hyper[a + b x]" Hyper[a + b x]P

1. -J-(c+dx)'“Hyper‘[a+bx]"Hyper[a+bx]"dlx
1. J(c+dx)'"sinh[a+bx]"Cosh[a+bx]pd1x

1: J(c+dx)mSinh[a+bx]"Cosh[a+bx] dx whenmez* A n#-1

Derivation: Integration by parts

Basis:Sinh[a + b x]" Cosh[a + b x] == 94 %_1

Rule:lf me z* A n £ -1, then

(c +dx)"Sinh[a + b x]"? dm

b (n+1) ) b (n+1)

j(c+dx)’"Sinh[a+bx]"Cosh[a+bx] dx — j(c+dx)m‘1sinh[a+bx]"+1d1x

Program code:

Int[(c_.+d_.#x_)"m_.*Sinh[a_.+b_.#x_]~n_.xCosh[a_.+b_.*x_],x_Symbol] :
(c+d*x)Am*Sinh[a+b*x]A(n+1)/(b*(n+1)) -
d+m/ (bx (n+1)) xInt[ (c+d#x) A (m-1) xSinh[a+bsx]~ (n+1) ,x] /;
FreeQ[{a,b,c,d,n},x] && IGtQ[m,0] && NeQ[n,-1]

Int[(c_.+d_.#x_)m_.«Sinh[a_.+b_.*x_]*Cosh[a_.+b_.*x_]"n_.,x_Symbol] :
(c+d*x) “mxCosh[a+b*x]”~ (n+1) / (b* (n+1)) -
dxm/ (bx (n+1) ) *Int[ (c+d*x) " (m-1) xCosh[a+bxx]” (n+1),x] /;
FreeQ[{a,b,c,d,n},x] && IGtQ[m,0] && NeQ[n,-1]



Rules for integrands of the form (c+d x)~m hyper(a+b x)~n hyper(a+b x)"p

2: J-(c+dx)"‘Sinh[a+bx]"Cosh[a+bx]”dlx whennez* A pez*

Derivation: Algebraic expansion

Rule:lfn e z* A p € 2%, then

J(c+dx)'“sinh[a+bx]"Cosh[a+bx]"d1x — J(c+dx)’"TrigReduce[Sinh[a+bx]"Cosh[a+bx]p] dx

Program code:

Int[(c_.+d_.#x_)"m_.*Sinh[a_.+b_.#x_]~n_.*Cosh[a_.+b_.+x_]"p_.,x_Symbol]| :=
Int[ExpandTrigReduce[ (c+dxx)~m,Sinh[a+b+x]~nxCosh[a+bxx]"p,x],x] /;
FreeQ[{a,b,c,d,m},x] && IGtQ[n,0] && IGtQ[p,0]

2: j(c+dx)"‘5inh[a+bx]"Tanh[a+bx]”dlx when nez* A pez*

Derivation: Algebraic expansion
Basis: Sinh[z]? Tanh[z]? = Sinh[z]2 - Tanh[z]?
Rule:lfn e z* A p e z*,then

J(c+dx)“‘sinh[a+bx]"Tanh[a+bx]"d1x —

J(c+dx)“‘Sinh[a+bx]"Tanh[a+bx]p‘2dlx—J(c+dx)'“Sinh[a+bx]"‘2Tanh[a+bx]"dlx

Program code:

Int[(c_.+d_.#x_)"m_.+Sinh[a_.+b_.+x_]~n_.*Tanh[a_.+b_.+x_]"p_.,x_Symbol] :=
Int[ (c+dxx) *mxSinh[a+bxx]~n«Tanh[a+bxx]"(p-2),x] - Int[(c+d+x) mxSinh[a+bxx]"(n-2)«Tanh[a+bxx]"p,x] /;
FreeQ[{a,b,c,d,m},x] & & IGtQ[n,0] && IGtQ[p,0]



Rules for integrands of the form (c+d x)~m hyper(a+b x)~n hyper(a+b x)"p

Int[(c_.+d_.*x_)"m_.*xCosh[a_.+b_.*x_]”n_.xCoth[a_.+b_.*x_]"p_.,x_Symbol] :=
Int[ (c+d*x) *mxCosh[a+bxx] nxCoth[a+bxx]” (p-2),x] + Int[ (c+dxx)”mxCosh[a+bxx]” (n-2)xCoth[a+bxx]"p,x] /;
FreeQ[{a,b,c,d,m},x] && IGtQ[n,0] && IGtQ[p,0]

3. J(c+dx)’“Sech[a+bx]"Tanh[a+bx]pd1x

1: J(c+dx)mSech[a+bx]"Tanh[a+bx] dx whenm>0

Derivation: Integration by parts

Basis:Sech[a + b x]"Tanh[a + b x] = -9y @ba;w_
Note: Dummy exponent p === 1 required in program code so InputForm of integrand is recognized.

Rule: If m > @, then

c+dx)"Sech[a+bx]" dm
(exdx [a+5x] +— | (c+dx)™?Sech[a+bx]"dx
bn bn

J(c+dx)"‘Sech[a+bx]“Tanh[a+bx] dx — -

Program code:

Int[(c_.+d_.*x_)"m_.xSech[a_.+b_.*x_]”n_.+Tanh[a_.+b_.*x_]”p_.,x_Symbol] :
- (c+d*x) “mxSech[a+b*x]~n/ (bxn) +
dxm/ (bxn) *Int[ (c+dxx)~ (m-1) *Sech[a+b*x]"n,x] /;

FreeQ[{a,b,c,d,n},x] && EqQ[p,1] && GtQ[m,0]

Int[(c_.+d_.*x_)"m_.xCsch[a_.+b_.*x_]”n_.xCoth[a_.+b_.xx_]”p_.,x_Symbol] :
- (c+d*x) *mxCsch[a+bxx]~*n/ (bxn) +
dxm/ (bxn) *Int[ (c+d*x)” (m-1) xCsch[a+bxx]”n,x] /;

FreeQ[{a,b,c,d,n},x] && EqQ[p,1] && GtQ[m,0]



Rules for integrands of the form (c+d x)~m hyper(a+b x)~n hyper(a+b x)"p

2: J(c+dx)"‘Sech[a+bx]2Tanh[a+bx]"d1x whenmezZ* A n#-1

Derivation: Integration by parts

Basis: Sech[a + bx]2 Tanh[a + b x]" == O %_1

Rule:lf me z* A n # -1, then

(c +dx)"Tanh[a + b x]"? dm

b (n+1) B b (n+1)

j(c+dx)’"Sech[a+bx]2Tanh[a+bx]"d1x — J(c+dx)m‘1Tanh[a+bx]""1dlx

Program code:

Int[(c_.+d_.*x_)"m_.xSech[a_.+b_.*x_]”~2xTanh[a_.+b_.*x_]”n_.,x_Symbol] :
(c+d*x) *mxTanh[a+bxx]~ (n+1) / (bx (n+1)) -
dxm/ (bx (n+1) ) *Int[ (c+d*x) "~ (m-1) *xTanh[a+bxx]” (n+1),x] /;
FreeQ[{a,b,c,d,n},x] && IGtQ[m,0] && NeQ[n,-1]

Int[(c_.+d_.*x_)"m_.xCsch[a_.+b_.*x_]”~2xCoth[a_.+b_.*x_]”n_.,x_Symbol] :
- (c+d*x) “mxCoth[a+b*x]” (n+1) / (b*x (n+1)) +
dxm/ (bx (n+1) ) *Int[ (c+d*x) " (m-1) xCoth[a+bxx]” (n+1),x] /;
FreeQ[{a,b,c,d,n},x] && IGtQ[m,0] && NeQ[n,-1]



Rules for integrands of the form (c+d x)~m hyper(a+b x)~n hyper(a+b x)"p

3: J(c+dx)"‘Sech[a+bx]"Tanh[a+bx]'°d1x when Eez"

Derivation: Algebraic expansion
Basis: Tanh[z]? == 1 - Sech[z]?
Rule: Ifg— e 7%, then

J(c+dx)"‘5ech[a+bx]"Tanh[a+bx]"dlx —

J(c+dx)’"Sech[a+bx]”Tanh[a+bx]'°'2dlx—J(c+dx)"‘Sech[a+bx]“+2Tanh[a+bx]p‘2d1x

Program code:

Int[(c_.+d_.*x_)"m_.xSech[a_.+b_.*x_]*Tanh[a_.+b_.*x_]"p_,x_Symbol] :=
Int[ (c+d*x) *mxSech[a+bxx] *Tanh[a+b*x]”" (p-2),x] - Int[ (c+dxx)” m*Sech[a+bxx]”3*xTanh[a+bxXx]" (p-2),x] /;
FreeQ[{a,b,c,d,m},x] && IGtQ[p/2,0]

Int[(c_.+d_.*x_)"m_.xSech[a_.+b_.*x_]”n_.*Tanh[a_.+b_.*x_]”p_,x_Symbol] :=
Int[ (c+d*x) *mxSech[a+bxx]~nxTanh[a+bxx]” (p-2),x] - Int[ (c+d*x)” mxSech[a+bxx]” (n+2)*Tanh[a+bxx]" (p-2),x] /;
FreeQ[{a,b,c,d,m,n},x] && IGtQ[p/2,0]

Int[(c_.+d_.*x_)"m_.xCsch[a_.+b_.*x_]*Coth[a_.+b_.*x_]"p_,x_Symbol] :=
Int[ (c+d*x) *mxCsch[a+bxx] *Coth[a+b*x]”" (p-2),x] + Int[ (c+dxx)” mxCsch[a+bxx]”3xCoth[a+bxx]” (p-2),x] /;
FreeQ[{a,b,c,d,m},x] && IGtQ[p/2,0]

Int[(c_.+d_.*x_)"m_.xCsch[a_.+b_.*x_]”n_.*Coth[a_.+b_.*x_]”p_,x_Symbol] :=
Int[ (c+d*x) *mxCsch[a+bxx]~nxCoth[a+bxx]” (p-2),x] + Int[ (c+d*x)”mxCsch[a+bxx]” (n+2)*Coth[a+bxx]" (p-2),x] /;
FreeQ[{a,b,c,d,m,n},x] && IGtQ[p/2,0]



Rules for integrands of the form (c+d x)~m hyper(a+b x)~n hyper(a+b x)"p

4: J(c+dx)"‘Sech[a+bx]"Tanh[a+bx]'°d1x when me z* A (%ez \% P;—lez)

Derivation: Integration by parts
Rule:if mez* A (2 ez v P2t ez),letu = [Sechfa +bx]"Tanh[a +bx]P dx,then

ju+deSuhp+beTmhp+bxﬂdx—eu(c+dmm—dmjum+dxﬂ4dx

Program code:

Int[(c_.+d_.*x_)"m_.xSech[a_.+b_.*x_]”n_.xTanh[a_.+b_.*x_]”p_.,x_Symbol] :=
With[{u=IntHide[Sech[a+bxx]”nxTanh[a+b*x]"p,x]},
Dist[ (c+d#x)"m,u,x] - dsmxInt[(c+dxx)”(m-1)#u,x]] /;
FreeQ[{a,b,c,d,n,p},x] &% IGtQ[m,0] &% (IntegerQ[n/2] || IntegerQ[ (p-1)/2])

Int[(c_.+d_.*x_)"m_.xCsch[a_.+b_.*x_]”n_.xCoth[a_.+b_.*x_]”p_.,x_Symbol] :=
With[{u=IntHide[Csch[a+bxx]”nxCoth[a+b*x]"p,x]},
Dist[ (c+d*x)m,u,x] - d*m*Int[(c+d*x)"(m—1)*u,x]] /5
FreeQ[{a,b,c,d,n,p},x] && IGtQ[m,0] && (IntegerQ[n/2] || IntegerQ[ (p-1)/2])



Rules for integrands of the form (c+d x)~m hyper(a+b x)~n hyper(a+b x)"p

4. J(c+dx)'"5ech[a+bx]PCsch[a+bx]“d1x

1: J(c+dx)mCsch[a+bx]"Sech[a+bx]"d1x when nez

Derivation: Algebraic simplification
Basis:Csch[z] Sech[z] ==2Csch[2z]
Rule: If n € z,then

J(c+dx)'"Csch[a+bx]"Sech[a+bx]"d1x — Z"J(c+dx)’"Csch[2a+2bx]"d1x

Program code:

Int[(c_.+d_.*x_)"m_.*xCsch[a_.+b_.*x_]”n_.*Sech[a_.+b_.*x_]”n_., x_Symbol] :=
2"n*Int[ (c+d*x) *“mxCsch[2xa+2xbxx]*n,x] /;
FreeQ[{a,b,c,d},x] && RationalQ[m] && IntegerQ[n]

2: J(c+dx)mCsch[a+bx]"Sech[a+bx]"d1x when (n | p) €Z Am>0 An#p

Derivation: Integration by parts

Rule: If (N | p) eZ A m> O A n+ p, letu=JCsch[a+bx]"Sech[a+bx]pdlx,then

j(c+dx)'“Csch[a+bx]"Sech[a+bx]pd1x — (c+dx)’"u—de-(c+dx)’"‘1udlx

Program code:

Int[(c_.+d_.*x_)"m_.xCsch[a_.+b_.*x_]”n_.*Sech[a_.+b_.*x_]"p_., x_Symbol] :=
With[{u=IntHide[Csch[a+bxx]”nxSech[a+bxx]"p,x]},
Dist[ (c+d*x) m,u,x] - d*m*Int[(c+d*x)"(m—1)*u,x]] /5

FreeQ[{a,b,c,d},x] && IntegersQ[n,p] && GtQ[m,0] && NeQ[n,p]



Rules for integrands of the form (c+d x)~m hyper(a+b x)~n hyper(a+b x)"p

5: Ju’“Hyper[v]"Hyper‘[w]Pdlx whenu==c+dx A va=w=a+bx

Derivation: Algebraic normalization
Rule:lff u==c+dXx A v =Ww-=a+bx,then

Ju’" Hyper [v]" Hyper [w]? dx — J(c +dx)"Hyper[a + b x]" Hyper[a +bx]Pdx

Program code:

Int[u_"m_.xF_[v_]1”n_.*G_[w_]"p_.,x_Symbol] :=
Int [ExpandToSum[u,x]*mxF [ExpandToSum[v,Xx] ] *nxG[ExpandToSum[v,x]]1*p,x] /;
FreeQ[{m,n,p},x] && HyperbolicQ[F] && HyperbolicQ[G] && EqQ[v,w] && LinearQ[{u,v,w},x] && Not[Linear‘MatchQ[{u,v,w},x]]

2: J(e+fx)"'Cosh[c+dx] (a+bsinh[c+dx])"dx whenmez* A n#-1

Derivation: Integration by parts

Basis: Cosh[c +d x] (a+bSinh[c+dx])" == &4 (a+b Sinh[c+d x])"*?

bd (n+1)
Rule:lf me z* A n £ -1, then
e+fx)" (a+bSinh[c+dx])™" £
J(e+-Fx)'"Cosh[c+dx] (a+bsinh[c+dx])"dx — (e+x) (b; [e +dx]) "3 m J‘(e+-Fx)'"'1 (a+bSinh[c+dx])"+1d1x
(n+1) (n+1)

Program code:

Int[(e_.+f_.#x_)"m_.«Cosh[c_.+d_.#x_]*(a_+b_.#Sinh[c_.+d_.*x_])*n_.,x_Symbol] :=
(e+f*x) m* (a+b*Sinh[c+d*x])"(n+1)/(b*d* (n+l)) -
fxm/ (bxd* (n+1) ) *xInt [ (e+-F*x)"(m—1) * (a+b*Sinh[C+d*X])"(n+1) ,X] /3
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & NeQ[n,-1]



Rules for integrands of the form (c+d x)~m hyper(a+b x)~n hyper(a+b x)"p

Int[(e_.+f_.#x_) m_.+Sinh[c_.+d_.#x_]*(a_+b_.«Cosh[c_.+d_.*x_])~n_.,x_Symbol] :=
(e+f*x) Am* (a+bxCosh[c+d*x] )~ (n+1) / (bxd* (n+1)) -
fxm/ (bxdx (n+1) ) +Int [ (e+fxx)" (m-1) x (a+bxCosh[c+dxx]) "~ (n+1) ,x]| /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & NeQ[n,-1]

3: ~J.(e+-Fx)"'Sech[c+dx]2 (a+bTanh[c+dx])"dx when meZ* A n# -1

Derivation: Integration by parts

Basis: Sech[c +d x]? (a+bTanh[c+dx])" == 6 (a+stgh<[nc:1d>x1)”'1

Rule:lf me z* A n # -1, then

(e+fx)" (a+bTanh[c+dx])™? £m .
J(e+fx)m_ (a+bTanh[c +dx])™dx

J(e+-Fx)'"Sech[c+dx]2(a+bTanh[c+dx])"d]x—> -
bd (n+1) bd (n+1)

Program code:

Int[(e_.+f_.#x_)"m_.+Sech[c_.+d_.#x_]"2x(a_+b_.*Tanh[c_.+d_.*x_])"n_.,x_Symbol] :
(e+fxx)"m# (a+bxTanh[c+dxx])~ (n+1) / (bxdx (n+1)) -
fam/ (bxdx (n+1)) +Int [ (e+fxx)" (m-1) * (a+bxTanh[c+dxx])~ (n+1),x]| /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & NeQ[n,-1]

Int[(e_.+f_.#x_)~m_.xCsch[c_.+d_.*x_]"2x(a_+b_.*Coth[c_.+d_.*x_])"n_.,x_Symbol] :
- (e+'F*x) m% (a+bxCoth[c+d*x] )~ (n+1) / (bxd* (n+1)) +
fxm/ (bxdx (n+1)) +Int [ (e+fxx)" (m-1) * (a+bxCoth[c+dxx]) "~ (n+1),x]| /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & NeQ[n,-1]



Rules for integrands of the form (c+d x)~m hyper(a+b x)~n hyper(a+b x)"p

4: J(e+fx)"'5ech[c+dx] Tanh[c +dx] (a+bSech[c+dx])"dx whenmeZ* A n#-1

Derivation: Integration by parts

Basis: Sech[c + d x] Tanh[c +d x] (a+bSech[c+dx])" == -3, {asbsechlcadx])

bd (n+1)

Rule:lf me z* A n # -1, then

(e+fx)" (a+bSech[c+dx])"™? fm

j(e+fx)m5ech[c+dx] Tanh[c+dXx] (a+bSech[c+dx])"dx — - +
bd (n+1) bd (n+1)

Program code:

Int[(e_.+f_.#x_)~m_.*Sech[c_.+d_.#x_]*Tanh[c_.+d_.*x_](a_+b_.*Sech[c_.+d_.*x_])"n_.,x_Symbol] :
- (e+fxx)"m« (a+bxSech[c+d+x])~ (n+1) / (bxdx (n+1)) +
fam/ (bxdx (n+1)) +Int [ (e+fxx)" (m-1) * (a+bxSech[c+dxx])~ (n+1),x]| /;

FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & NeQ[n,-1]

Int[(e_.+f_.#x_)"m_.*Cschc_.+d_.#x_]*Coth[c_.+d_.#x_](a_+b_.*Csch[c_.+d_.*x_])"n_.,x_Symbol] :
- (e+fxx)"mx (a+bxCsch[c+d#x]) ~ (n+1) / (bxdx (n+1)) +
fam/ (bxdx (n+1)) +Int [ (e+fxx)" (m-1) * (a+bxCsch[c+dxx]) "~ (n+1),x]| /;

FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & NeQ[n,-1]

J‘(e+-l=x)""1 (a+bSech[c+dx])™!dx



Rules for integrands of the form (c+d x)~m hyper(a+b x)~n hyper(a+b x)"p

5: J(e+fx)msinh[a+bx]PSinh[c+dx]qd1x whenpez*A qeZ* A meZ

Derivation: Algebraic expansion

Rule:lfpez*A qeZ" A me Z,then

J(e+fx)msinh[a+bx]pCosh[c+dx]qd1x — J(e+-Fx)'"TrigReduce[Sinh[a+bx]pCosh[c+dx]q] dx

Program code:

Int[(e_.+f_.#x_)~m_.+Sinh[a_.+b_.#x_]"p_.*Sinh[c_.+d_.*x_]"~q_.,x_Symbol] :
Int[ExpandTrigReduce[ (e+fxx)~ m,Sinh[a+bxx] pxSinh[c+d*x]"q,x],x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && IGtQ[q,0] && IntegerQ[m]

Int[(e_.+f_.#x_)~m_.«Cosh[a_.+b_.+x_]~p_.*Cosh[c_.+d_.*x_]~q_.,x_Symbol] :
Int[ExpandTrigReduce[ (e+fxx)~m,Cosh[a+bxx] pxCosh[c+dxx]"q,x],x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && IGtQ[q,0] && IntegerQ[m]

6: J(e+fx)msinh[a+bx]pCosh[c+dx]qd1x whenpez* A qez*

Derivation: Algebraic expansion
Rule:Ifp € Zz* A g € Z*, then

J(e+fx)msinh[a+bx]PCosh[c+dx]qd1x — J(e+-Fx)"'TrigReduce[Sinh[a+bx]"Cosh[c+dx]q] dx

Program code:

Int[(e_.+f_.#x_)"m_.+Sinh[a_.+b_.#x_]~p_.*Cosh[c_.+d_.*x_]~q_.,x_Symbol] :=
Int [ExpandTrigReduce | (e+fxx)~m,Sinh[a+bxx]~pxCosh[c+d+x]"q,x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[p,0] & IGtQ[q,O]
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Rules for integrands of the form (c+d x)~m hyper(a+b x)~n hyper(a+b x)"p

7: J(e+fx)msinh[a+bx]"Sech[c+dx]qd1x whenpezZ*A qeZ*Abc-ad=0 A 5—162*

Derivation: Algebraic expansion

Rule:lifpez*nqez Abc-ad=0A 2-1¢cz,then

J(e +fx)"sinh[a+bx]PSech[c+dx]%dx — J(e + fx)" TrigExpand[Sinh[a + b x]P Cosh[c + d x]9] dx
Program code:
Int[(e_.+f_.#x_) m_.#F_[a_.+b_.*x_]"p_.*G_[c_.+d_.*x_]"q_.,x_Symbol] :=

Int[ExpandTrigExpand[ (e+fxx) m+G[c+d+x]~q,F,c+d*x,p,b/d,x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & MemberQ[{Sinh,Cosh},F] & MemberQ[{Sech,Csch},G] & IGtQ[p,0] && IGtQ[q,0] && EqQ[bxc-a+d,0] && IGtQ[b/d,1]
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